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Laminar flows in annular ducts of rectangular cross-section subjected to a constant
axial magnetic field B, are considered. The equations of flow are treated by a perturba-
tion method involving infinite series expansions in ascending powers of the ratio
A = a/R, (where a and R, are respectively the height and the mean radius of the
annular duct).

The leading terms of the series are calculated in the range of high values of the
Hartmann number M by means of a boundary-layer technique. When M is large, the
secondary flow pattern exhibits two profoundly distinct features. Firstly, in the
Hartmann and interior regions, secondary flows have a one-dimensional structure and
involve no inertial effects if the curvature of the duct is small enough; secondly, in thin
layers near the walls parallel to the magnetic field, the secondary flow pattern is
dramatically influenced by the conductivities of the walls: varying these conductivities
gives rise to either one or several counter-rotating eddies. When the Reynolds number
of the flow increases, inertial effects emanating from these layers penetrate the core
of the duct by convective transport. Order-of-magnitude arguments show that the
mean velocity is affected by secondary flow effects when K M—% becomes large, where
K is the Dean number of the flow.

1. Introduction

The problem of laminar secondary flows within curved ducts has attracted much
interest over the last few decades. The main reason lies in the fact that theoretical
studies give at least qualitative information about real flows commonly encountered
in engineering devices: turbomachinary blade passages, diffusers, heat exchangers,
ete.

In hydrodynamics, extensive theoretical and experimental work has been carried
out on the subject for various shapes of the cross-section of the duct (round, elliptic,
rectangular). In contrast only very little has been published in magnetohydrodynamics.
The most comprehensive study on the subject has been performed by Baylis & Hunt in
1971. In a first paper, Baylis (1971) carried out experiments on electromagnetically
driven flows in curved ducts subjected to an axial, constant magnetic field. He showed
that the magnetic field tends to damp secondary flows provided it is strong enough.
This was justified in a later paper (Baylis & Hunt 1971) by order-of-magnitude argu-
ments. However, in such an analysis, the authors underestimated secondary flow
effects emanating from layers near the walls parallel to the magnetic field. When the
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F16URE 1. Duct geometry and co-ordinate system.

Dean number is sufficiently large, Baylis (1971) showed that friction-factor laws are
of hydrodynamic type, i.e. are not affected by the magnetic field. Recently, Tabeling &
Chabrerie (1978 a) extended the experiments of Baylis to the case of rectangular ducts
of various aspect ratios, and observed similar results.

The objective of the present paper is to investigate in detail magnetohydrodynamic
secondary flows of liquid metals. We shall consider hereafter laminar flows in curved
ducts of rectangular cross-section subjected to a strong uniform axial magnetic field.

In § 1 we derive the equations of the problem. In § 2 we introduced the perturbation
scheme, and in §§ 3, 4 and 5 we obtain the first two terms of the corresponding expan-
sions. Secondary flow effects are studied in § 6.

2. Equations of the problem

We consider steady, fully developed laminar flows of liquid metal in annular ducts
of rectangular cross-section (see figure 1). We set Oz as the axis of revolution of the
torus, and use polar co-ordinates 7, 6, z. The walls of the duct, located at r = R,, R, and
z = +a, are assumed to be symmetrically identical and we denote each pair of them
by a single letter A or B (see figure 1); their conductivities and thicknesses are respec-
tively o, w, and oy, wp. In addition we assume that w, < a and wg < a.

The duct is subjected to a constant uniform magnetic field B, applied in the Oz
direction and the fluid is driven by a constant pressure gradient 8P /86 in the azimuthal
direction.

We set up the governing equations of the flow subject to the following assumptions:
first, the flow is axisymmetric, 8o that all f-derivatives are identically zero except that
for the pressure P. Further, we consider the case of very low magnetic Reynolds
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number R,, = ou,U*a, where o, u, and U* are the fluid conductivity, the vacuum
permittivity and a characteristic velocity scale. This later assumption allows us to
neglect in the equations of flow the induced magnetic field compared to B,. We replace
then the Lorentz forces J x B by J x B, (where J is the current density and B, the
magnetic field), and the induced electrical field Ux B by Ux B, (where U is the
velocity field). The resulting equations can be written in terms of U,, U, U,, P and H,
(where H, is the f-component of the magnetic field). We find:

aU aU Uy_ _oBhy 19P (AU_Q') "

00y ;00 UpU, _ BydH, 10P U,
UG tU gt =% o oromt (AUv ) @)
au, U, 10P
U s = Y - tvAU, (3)
AH,— H“’+ 0B, U—o, (4)
oy, U, oU,

Here A denotes the Laplacian operator expressed in polar co-ordinates, i.e.

A= 2 1¢ o2
Tw i

p and v are respectively the volumetric mass density and the kinematic viscosity.
Using the thin-wall approximation (Shercliff 1956), the boundary conditions are:

onr = B, R,:

7 oU, H,
U=0,=0,=0, % +_r O'AwA Hy; (6)
andonz = +a:
éoH, _ o
U,-—Uo—U,—O, -52——-+0-BwBH0. (7)

It is convenient at this stage to introduce the stream function ¢ defined by

1=-2 aa U,=120y) ®

Now we introduce the following dimensionless quantities:

3R2 "’R 3Ra
* * /i) .
= pad(— aP/aa)zU" Ui = G oPJe6) B U = paf= aP/aa)zUﬂ’
_ ﬁ*‘RO . . ”2R2 . 3R2
b = Bk —apja0) 0 P* = s aP/ao)zp ? = pat(— aP/ao)2¢

(9)

E=(r—Ry)/a; n=zfa; c=bla; A=a/R, (10)
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M = Bya(o/#)! (Hartmann number), and @ = (—9P/d0)pa®/R,7? where 7 is the
viscosity of the fluid. Using these new quantities, the system (1)-(6) becomes:

ou | our)  dupe og* Ay
2}, % = —M*_2 oy ok r
@ ur G+ Gl |- = M- AN e (D)
our oul u*y 1 oh} Ay}
2 ) TUs Ly Urte | _ 8 * 8
¢ [“' 2 Ty T 1+/\§] Tt tA e 12
au* au* *
2 -9 - — L 791
@ |ur G +u | = T raren, (19)
A%hZ ou*
A*pr_ 70 m8 1
-ty = (14
oul u¥  ou}
Aty =0 (16)
together with (see (6), (7)):
u*:u*:u*:o ah; A—ho*_='-|-.D h* §=+C‘ (16)
r (‘] z ] ag 1+/\£ 470 5 o,
- ohy  _
uf =uf =u¥ =0, W=+D3h;’ 7=zx1; (17)
o2 A o0 &
h * . 4
where M=t Tige o
oga oa

3. The expansion scheme in series in ascending powers of A

The following formal method of resolution can be applied to the equations (11)-(15):
Consider a function g* related to the problem, and expand it as an infinite series in
ascending powers of A:

g* = gO+ Ag® 4 2D 4 .+ Ang 4 . (18)

The convergence of this series will be discussed in §6. (18) defines a perturbation
scheme in term of A = a/R,; the leading term ¢® is calculated by setting A = 0 directly
in the problem and hence corresponds to a flow developing in a rectilinear geometry;
we shall describe this as the ‘ primary flow’. The subsequent terms, g%, ..., g™, describe
the curvature effects.

4. The leading term (primary flow) in the asymptotic case M > 1 and
Mic> 1

Setting A = 0 in the problem, we find:
u® = u® = 9pO /oF = op® /oy = 0,
82}!0/352 + 82h0/3172 + M 3u0/31] = 0:
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F1GURE 2. Cross-section of the duct showing the various regions of the
flow when M » 1 and Mic » 1.
together with
Up = 0, 3h0/3§ = $DAh0: g = ic;} (20)
and uy=0, Ohy/on =FDgh, 7==+1

In this system as well as in the following equations we omit the exponent (0) for «,
and h,.

The system (19), (20) has been extensively analyzed for various values of D , and Dy,
We shall restrict ourselves to the asymptotic case in which M > 1 and Mic > 1, ie.
where magnetohydrodynamic effects are the most significant. In this case, the flow
exhibits the following distinct regions (Temperley & Todd 1971) (see figure 2):

(I) Interior region, including most of the fluid, but excluding the boundary layers
on the walls of the duct.

(H) Hartmann layers, of thickness O(M-1), near the walls BB, excluding regions
distant O(M 1) from the pair of side walls 4 4.

(8) Secondary layers of thickness O(M-1), near the walls A4.

(C) Corner regions, i.e. those parts of the Hartmann layers at a distance O(M-1)
from the side walls 4 4.

(IC) Inner corner regions, i.e. those parts of the duct at a distance O(M-1) from the
corners.

It turns out that u,(£, ) can be decomposed (Temperley & Todd 1971) as
(£, 1) = upr(E, 1) +Uprr (E,7") +%ps(E', 9) + o€, 7') + Uprclt, 7). (21)
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in which ug; is the interior velocity and u,z, %gg, %se, Uy are perturbations describing
the flow in the region denoted by the subscripts; £, %’ and ¢ are inner co-ordinates
defined by §" = M¥(c—£), 7' = M(1—19) and t = M(c—£) for the quarter-plane £ > 0
7 > 0, similar expressions holding for the other parts of the duct. By definition, all
perturbations as well as their derivatives are negligible outside their regions of
influence.

The flow is uniform in the interior region and it decreases exponentially in Hartmann
layers. We have (Temperley & Todd 1971):

i+D ’ .
(€, M) = uy = mf}m and wyg(§,7') = —uze.

In the secondary layers, the problem is more complicated. To first order (in the
quarter-plane £ > 0, 5 > 0), the governing equations for u,g, k,s are (Temperley &
Todd 1976, Tabeling & Chabrerie 19805):

Pugg ahos 0 hos Dugg
T - +—= =0, and i +-W =0, (22)
together with:

o (23)
Ugg+Dp(Dp+ M) hyg =0, 7=1.

In corner regions, u, is simply related to uzg by
UplE', ') = —upg(E', 1) €7,

which is valid to the first order. The problem can be solved in the (8) and (C) regions
without making reference to the (IC) regions (Temperley & Todd 1971). In such
regions, u,; is at most of the same order as u,g.

(22), (23) have been solved by Shercliff (1953) (case D, = Dy = o0), Hunt (1965)
(cases D, = o0 or Dg = 0), Hunt & Stewartson (1965) and Chiang & Lundgren (1967)
(case D4 = 0 and Dy = 0). Recently, Tabeling & Chabrerie (1980) solved the same
system in the general case (D, and Dy arbitrary), by means of a Galerkin-type
approach.

5. The first-order term in the expansion scheme (18)
5.1. The governing equations

The governing equations for the first-order term of (18) are obtained by equating in
(11)-(17) all terms of order A. The resulting equations are more easily expressed in
terms of the velocity function ¢. We obtain:

34(p _ O 34<p T 0% Py 3u0

agll 3zgzaz,”z aﬂg aﬂ ’ (24)
with: (p=2%=%—0 on £=+c and 7=4+1, (25)
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in which, for simplicity, we have omitted the exponent (1) on ¢. The boundary
conditions (25) derive simply from (8), (16), (17) and from the choice of the constant
@ = 0 on the boundaries. From (24), (25) it follows that ¢ is even in £ and odd in 7.

5.2. Resolution of (24) when M, Mic are large

When M and Mic are large, it is natural to suppose the existence of boundary-layer
solutions for ¢ of the same type as those for u,: this follows from (24). In any event,
a definitive check will be obtained by the consistency of the results. Hence, assuming
that the flow is divided into five regions (Hartmann, interior, secondary, corner and
inner corner regions (see figure 2)), we apply a perturbation method to solve the
problem. ¢ is decomposed into five terms as follows:

P&, 1) = 9(&, 1) +ea& 1) +os(&'s M) + 9, 1) + P10t 1), (26)

in which each subscript denotes the corresponding region of flow; in (26), £, ' and ¢
have the same meaning as in (21). Similar expansions hold for »®, ) and p®. Now we
examine each region of flow, restricting ourselves to the quarter-plane £ > 0; 9 > 0.
The expressions for £’, 7’ and ¢ are then respectively

£ = Mic—£); 7 =M1—7) and &= M(c—E).

5.2.1. Inierior region. Eliminating in (24) terms of O(M-?) compared to M2 d2p/on?
and making use of the uniformity of the primary flow u, in the interior region, we find

2
—Ms%% =0. (27)
The general form of ¢ is then
or = 1f(£), (28)

where f(£) is some even function of £.
6.2.2. Hartmann layers. The governing equation for ¢y, valid through terms of
O(M-2), is (see (24), (26)):

dog % 4 0
as oyt = M g (e + o), (29)

together with:
P =0 guE0) = —giE1) =—f(E) (say), ag'% - M—l% = MY () (say), (30)

and 7" — c0: gy = dpy /3y’ = 0. In (30), the conditions on the side-wall £ = ¢ have
been omitted as being irrelevant to the problem (see the absence of derivatives in £ in
(29)). Now, using the expression for u,; + 4,5 given in §4, and solving (29) leads to a
general solution of the form

el ) = A(€) e + Jui M>3[6(1+9')e7 +e727]. (31)

A(£), and simultaneously f (£), are now determined by using the boundary conditions.
We find:
AE)+3ui M2 = —f(§) and A(f)+}uiM—3 = - M-Yf(£). (32)

Solving (32) yields
f(€) = —juiM—3(1 - M) (33)

and A(E) = ful M-3(1 — M-Y)~1—Zu2 M2, (34)



232 P. Tabeling and J. P. Chabrerie

1
s
2 g2
u,M

04}

0-292

0-2 k

01

0 1 1 1 1 S 4 1 1 -
I 2 3 4 S 6

1-115
Fieure 3. Radial velocity profile in the Hartmann layers calculated at M 2 500.

The corresponding expressions for the velocity field are
uly = —JuiM-6(y' — ) e+ 2 7]~ jui M3e~7 + O(ui M —5),1

(35)
uf) = juiM-3+OiM-%) and uf) =ull)=0. J

Since the expressions (33) and (34) are independent of £, these in fact yield the correct
solution of equation (24) through exponentially small terms in M.

The one-dimensional character of the secondary flows in the (H-I) regions is due
to a mechanism of vorticity suppression by the magnetic field: (27) expresses the fact
that the orthoradial component of vorticity is zero in the interior region; this in turn
implies suppression of u, and uniformity of «,. The amplitude of the secondary flows
is determined in Hartmann layers, without reference to the other regions of flow. In
this sense, such regions are active.

In figure 3, we have plotted the function

w __aftus
ui M-2 ui M-

against 7', for an arbitrary value of £ (satisfying |£ +¢| > M), and a value of M
about 500. The curve exhibits an absolute maximum calculated as 7" =~ 1-1146 and
M2u® Ju% ~ — 0-292. These values are independent of M to first order. In contrast,
the point where the flow reverses moves significantly to the right of the plane when M
increases. A reasonable estimate of the position of such a point is " ~ log M. Up to this
point, as M increases the profiles flatten, their general form remaining otherwise
unchanged.
5.2.3. The secondary region. The complete governing equation for g, is (see (24), (25),
(26))
_22'9s a1 Vs P @y 4r s 8
M-2 P +2M _32'2—31]24-55_&__37{ =M 2%

(ugr + ugg)?, (36)
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together with
ps = §uiM-3y and ogpg/oE’' =0, £ =0. (37)

Anticipating the study of the corner region, we impose the following condition (which
will be justified later) on = 1:
@s(E',1) = —§MPugg(€', 1) [2u; + ugg(€'; 1)]+ O(ugs MH). (38)

Now, considering only the most significant part of ¢g, we neglect in (36) the first two
terms of the left-hand side and find the approximate form of (36) to the first order:
4 o b7
Tﬁ"# = M_za—” (o1 + tUgg)®. (39)
Since uy; is at most of the same order of u,g, we can estimate the contribution of the
right-hand side term of (39) to the solution ¢ as O(ugs M—2). It follows that we can
replace (37) and (38) by

ps = Opg/0’=0 on £ =0 and @g=0 on 7y=1, (40)
which are correct to the first order. The solution of (39), (40) is found to be

P = % [¢p(g')—% $(0) e*ﬂpﬁ'sinﬂpg'] sina,,7, (41)
p=1 2
in which a, = pm, B, = (p7/2)}, and ¢ (£') is defined by
4 A,(w)

m)o witad

¢p (gl =

sin (w§') dw, (42)
where

1 [ J
4,(w) = —apM“"‘fo fo [ur + ugg(s,£)]? cos o, b sin ws ds dt. (43)

In (41), ¢,,(0) denotes the usual derivative of ¢,(£’') at £’ = 0.

A first result which emerges from the present analysis is that secondary flows are far
more intense in secondary regions than in Hartmann and interior regions (see the
ratio ¢g/@; which is at least O(M)). Such a feature can be understood by examining the
equation (24): in the interior region, du3/dy is zero; it takes significant values only in
thin Hartmann layers where viscous effects are strong. On the other hand, in secondary
regions such a term takes significant values on much larger scales than in Hartmann
regions. The viscous action is in turn weaker and the secondary flows more intense.

The expressions (41), (42), (43) have been computed in various cases: (a) all walls
insulating (D, = Dy = o), (b) walls A4 insulating, walls BB conducting (D, = oo;
Dy = 0) and (c) all walls perfectly conducting (D, = Dy = 0). The relevant expres-
sions for u,g are those stated by Shercliff (1953) and Hunt (1965). In cases (a) and
(¢) primary flow profiles are universal, whereas in case (b) they change with M. In this
latter case we have taken M = 200 for the purpose of computation. These three cases
should be sufficiently representative.

In figure 4, we show the streamlines @g = cst on the plane £ > 0, 7 > 0, where @,
is defined by

Ps = MPup%pg in cases (a), (¢) and @g= urlpg in case (b).
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F16URE 4. Secondary flow pattern in the secondary layer £ > 0 for various values of the con-
ductivities of the walls: (a) all walls insulating; (b) walls BB conduoting, walls 44 insulating;
(c) all walls conducting.\\\\\ , insulating walls.

It turns out that secondary streamlines are dramatically influenced by the conduc-
tivities of the walls. In case (a) there is a single eddy (figure 4a), whereas in cases (b)
and (c) there are several counter-rotating eddies with exponentially decreasing ampli-
tude as §’ — oo (figures 45, c).

The secondary streamlines are closely related to the form of the forcing term dug/éy.
This latter is represented in figure 5 as a function of £’ at # = 0-5. (On the ordinate, the
circumflex notation has the same meaning as that for ¢g). In case (a), dudg/o7 is every-
where positive giving rise to the single vortex of figure 4a, whereas in the other cases
the forcing term has the form of a damped sine wave with changes of sign giving
rise to counter-rotating vortices. A similar analysis can be done for the amplitudes. If
& (f) is the maximum amplitude of f, our computations indicate that

() = (0-1-0-2) x o/ (dulg /).
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F1GURE 5. The curl of the centrifugal forces in the secondary layer for various values of the
conductivities of the walls: (a) all walls insulating; (b) walls BB conducting, walls 4 4 insulating;
(c) all walls conducting.

Since &7 (6ugs/on) lies in the range 0-05-0-5 in all cases, the levels of amplitude of the
secondary flows are in turn rather small; we find

(@) Dy = Dg = 00: Ggpax & 0-021; fhpax = 0-11,

() Dy =00, Dg = 0: $gpax = 0-041; Gy o ~ 0-18,

(¢) Dy =Dpg=0: $grax = 0:006; @ pax ~ 0-021.

We have not considered the case when walls BB are insulating and walls 44
conducting, since primary flow profiles are then close to those of case (a) (Chiang &
Lundgren 1967), the secondary flow pattern should not differ dramatically from that
of figure 4(a).

The close relationship between dujg/dy and secondary flows in the S region shows
that these latter are effectively ‘driven’ by the curl of the centrifugal forces. Essen-
tially, such a feature is due to the absence of inertial terms in (24). We shall return to
this point later.
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5.2.4. The corner and inner corner regions. As no novelty is involved, we write
directly the governing equation for ¢, to the first order:

g, 33%
377'4 877'2
a(p(}'/aﬂl =0 and $o = _¢S(€,’ 1)’ 7’, = 0. (45)
The general solution of (44) is
Ge(£',1') = C(E) e + FMupg(E', 1) [2u; +ups(E', 1)] [6(1 +7") e +e727],

where C(£') is an arbitrary function of £'. Using (45) determines both C(£’) and
pg(E’, 1). To first order we find

9s(E',1) = — § M Pugg(E’, 1) [2uy + ugg(£', 1)].

This yields the required condition on = 1, and hence justifies (38).
In the inner corner region, it can be shown that g, is at most O(ugg M-3).

= — 2MPugg(E', 1) [2u; +ugg(E’, 1)] (677 —e727), (44)
with

6. Secondary flow effects in the narrow-gap case

We study now higher-order terms of the expansion scheme (18) under the narrow-
gap assumption, i.e. in the range of small values of A’ = Ac. In such a case we have

5 A 2
EYTTAE " 3¢ ag

similar statements holding for the higher derivatives. The system (11)~(15) can be
approximated (in terms of u}, h¥ and ¢*) by

1+4Af=140(A") ~ 1; w5+ O0(A") ~

3<p 0 3<p _ p
QB[ T Ao+ 5 (B *)]+/\W_—M2@” +ARp*, (46)
%* * ah*
e[-Z . f’;‘ﬂb’] 1+ MG+t (47)
and
ou}
AR} g
ML i (48)
where

A = B2JoE2 + 8%/onp,

together with homogeneous boundary conditions derived from (16), (17).
Next, applying the perturbation scheme (18) to the above system yields the
following recurrence relations (valid for » > 1):

Agin) 2 a;f:) " gm Q2 [a"’(p 4 (Agm—p) 4 ‘PZ 0 (Agn p)]
(49)

ol o % o o (50)

Au 5">+Ma"g QS [_8¢<”>3ué"—” admaué"-m],}
k2 2 n =0
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with homogeneous boundary conditions on £ = + cand 9 = + 1. (49), (50) can be solved
by an iterative method: knowing »§’, A, 0, gives ulP’, b’ (see (50)) and, next, using
(49) leads to ¢®, ete. Such a calculation involves formidable algebra; however, we can
obtain the orders of magnitude of »{™ and ¢™ in each region of flow by means of such
a procedure, provided that (18) converges.

8.1. The interior and Hartmann regions

Since ouf®/0¢ and d¢®/of are zero in H-I regions (see §5), it is easy to show that
ul = b = ¢+D = 0 for 'any n > 1. It follows that u, A and ¢® are the exact
solution of the problem to any order in A in the range of high-curvature ratios. Such
a remarkable feature is essentially due to a mechanism of vorticity suppression by the
magnetic field: inertial terms are irrotational in (HI) regions, and are simply balanced
by a pressure gradient. In other words, there is no effictent coupling between primary
and secondary flows.

6.2. The secondary layers

Let us consider the (8) region £ > 0 and introduce the inner co-ordinate £ = M#(c —§).
The governing system for ¢™, u§?, A to the first order is

3‘(})"‘) 3’(;7(") = o2M-2 z Sp) 3u§ - Qz M1 % ‘P@) 3a¢(n—p)

ag_"— 3.”2 p=0 31} p=1 —3’”— ag’s
Rl
agl 65"67] (51)
and ) ) s ) 3
Pug R 2 [ g dufr-?  ogl® oy
Tty T Q'M*EI[ & tor e ) .
azh(on) 314%”) ( )
e

together with homogeneous boundary conditions. Let us consider two cases: (i)D , M—#
not large, Dy M-1not small and (ii) D , M—¥ large, Dz M- small.
In case (i), we have u{) ~ u; and ¢® ~ u2 M2 (see §5). Using (52) gives

uP ~ u; Rt M4,

where Re = u;a/v is the Reynolds number of the flow. Repeating this procedure for
e, uD, ..., g™, uM, gives
u ~ uy(Re M-1ym

and ™ ~ uy M—3(Re M—1)2n-2,

The expressions for u¥ and ¢* are therefore of the form
wffuy = 3 (KMApmfoqg,y), (53)
n=0

and o*[ui M2 = 2 (KM-typn-2gmg, ), (54)



238 P. Tabeling and J. P. Chabrerie

where K = Re At is the Dean number of the flow, and f®, gt functions of order one.
(53), (54) provide the sufficient condition for convergence of the perturbation method:

EM-t«1. (55)

Now, when (55) is satisfied, {» and ¢® represent accurately the solution of the flow
within a relative error O(K2M-1).

In case (ii), we have u{® ~ Mu, and ¢ ~ u}. It suffices then to replace u; by Mu,
in all the above expressions. (55) remains valid if K is defined as (Mu;a/v) At instead
of (uza/v)AL.

(55) can also be viewed as a criterion for inertial effects to be negligible. It is more
stringent than the condition stated by Baylis & Hunt (1971) which was KM + <.
When K M- becomes largs, viscous forces compete with strong inertial forces and this
is possible only if the thickness of the boundary layers near the side walls A 4 decreases;
this thickness can be estimated by comparing inertial and viscous stresses, i.e. by
formulating a purely hydrodynamical equilibrium. According to previous studies
(Ludwieg 1951 ; Mori, Uchida & Ukon 1971), the thickness is O(K—t) € O(M-#). The
flow is in turn modified far away from the side-walls AA. Further a purely hydro-
dynamic type flow sets in throughout the duct.

7. Summary and conclusion

The present paper gives an analysis of secondary flows in a curved duct subjected to
a strong axial magnetic field B,. It is remarkable that the magnetic field imposes such
a simple structure on secondary flows in the main part of the duct (H-I regions): in
such regions the vorticity has only two components (along 7 and z); inertial terms are
ineffectual and secondary flows are simply conveyed by the primary flow without
being ‘coupled’ to it !

In secondary regions, we have profoundly distinct features: such layers are essen-
tially two-dimensional, all components of the vorticity being non-zero; when the Dean
number K increases, inertial effects emanating from them penetrate the flow far
away from the side-walls; secondary-flow effects become significant when KM-t is
large enough.

The conclusions of the present paper are in fair agreement with experiments of
Baylis (1971) and Tabeling & Chabrerie (1980 a). (These latter extended the experiments
of Baylis to rectangular ducts of various aspect ratios.) It turns out that the ‘critical’
value of KM~% beyond which secondary flow effects become significant is found close
" to 5 over all the experiments. Note that this relatively high ‘critical’ value gives also
a substantial check for the levels of the secondary flows calculated in §4 (these latter
were found to be rather small).

When K increases until KM—% > 1, Baylis, Tabeling & Chabrerie observed that the
flow dissipations are of hydrodynamic type: this is in agreement with the qualitative
analysis given above (see §6).

The stability of secondary flows has not been considered here. Experiments men-
tioned above show that such flows are stable over a large range of Dean numbers when
the walls A4 are conducting and the walls BB insulating. The most unstable case
should be with walls A4 insulating and wall BB conducting, since the primary flow
then exhibits inflexion points and reversed profiles (Hunt 1965), and the secondary
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flow a great number of vortices in thin layers. Some interesting investigations can be
carried out on this problem.

We thank Mrs Roussel for the typewriting of the manuscript.
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